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Critical collapse is a well-studied subject for a variety of self-gravitating matter. One of the most
intensively examined models is that of perfect fluids, which have been used extensively to describe
compact objects such as stars, as well as being of cosmological interest. However, neutron stars are
believed to possess an elastic crust, thus departing from a perfect fluid body, and critical collapse
with elastic materials is an entirely unexplored topic. In this work, we employ a scale-invariant
elastic matter model to study self-similar collapse with elasticity. As with perfect fluid models, we
show that including elasticity allows for continuous self-similar configurations, which we determine
numerically by solving the associated boundary value problem. The set of solutions is discrete and
we focus on the fundamental mode, but also present some results for overtones. Similarly to the
perfect fluid case, the existence of a sonic point plays a central role. We find that the addition of
elasticity, by either increasing the shear index s or decreasing the Poisson ratio v, leads to an increase
in compressibility and can yield negative radial pressures around the sonic point. Simultaneously,
the elastic longitudinal wave speed ceases to be constant, while the two possible transverse wave
speeds grow further apart. The departure from the perfect fluid case can be so dramatic as to
generate a second sonic point, which does not seem to be regular. This, in turn, imposes bounds
on the elasticity parameters of the material. This study represents the first step in the analysis of

critical collapse with elastic materials.

I. INTRODUCTION

Critical phenomena occur in many branches of science,
from condensed matter physics [1] to complex systems [2].
In the context of gravitational physics, it arises at the
verge of black hole formation from the collapse of self-
gravitating bodies [3]. This was first famously demon-
strated by Choptuik [4], after suggestive theoretical work
by Christodoulou [5-7] analyzing the dynamics of a mass-
less scalar field coupled to Einstein gravity.

Choptuik [4] studied a matter system composed of
a minimally coupled scalar field in spherical symmetry,
finding three important characteristics: power-law scal-
ing, universality, and self-similarity. Specifically, by nu-
merically evolving different one-parameter families of ini-
tial data, Choptuik verified the existence of a threshold
value for the parameter separating the two possible end-
states (total dispersion or black hole formation). Fur-
thermore, when tuning the parameter slightly above the
threshold value, the mass of the black hole formed fol-
lows a power law whose critical exponent is independent
of the initial data family chosen. Finally, precisely at
the threshold value the system evolves in a (discretely)
self-similar manner. These results have been extensively
verified over the years [8-13]. Similar phenomena have
been observed with perfect fluids [14-18], Yang-Mills
fields [19, 20], massless scalar electrodynamics [21], and
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axisymmetric pure gravitational waves [22], to name a
few.

Critical collapse of perfect fluids [14-18] stands out in,
at least, two respects: (i) such matter is appropriate to
describe most stars, as well as many other celestial ob-
jects and astrophysical structures, and (ii) arguably they
provide the simplest 3+ 1-dimensional matter model that
displays self-similarity of the continuous kind, in contrast
with the minimally coupled massless scalar model, which
enjoys discrete self-similarity.

Concerning the second point, one can take advantage
of continuous self-similarity (CSS) in combination with
spherical symmetry to cast the equations of motion as
a system of ordinary differential equations (ODEs), as
first pointed out in [23] and also explored in [24]. The
problem is then amenable to a dynamical systems’ treat-
ment, as advocated by Koike, Hara and Adachi [18], the
self-similar solution being identified with a fixed point of
the system, while the Lyapunov exponents of linear per-
turbations are simply related to the critical exponent,
borrowing renormalization group ideas [15].

Regarding point (i) above, the material most stars are
made of is well approximated by a perfect fluid. How-
ever, this does not seem to be the case for neutron stars,
for which observations indicate the need to consider stel-
lar structures that comprise an elastic solid crust [25].
One such example is that of pulsar glitches, sudden de-
viations in the body’s angular frequency.! The effect

1 Elasticity is also relevant in potential explanations of giant flares
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of crustal elasticity on gravitational waves generated by
neutron star binary mergers is not too encouraging for
detectability [26], and its impact on tidal deformability
is small [27, 28].

Universality properties are extremely useful if one aims
to make general predictions. Previous work has employed
this characteristic of critical collapse in a cosmological
context to derive the initial mass distribution of primor-
dial black holes [29-33] and its effect on gravitational
wave detection [34, 35]. Nevertheless, a word of caution
is in order. It is by now well-known that universality
does not extend across different matter models [16], i.e.,
it applies only to different families of initial data within
the same matter model, at most. Moreover, there are
indications that universality might also be lost once the
assumption of spherical symmetry is dropped [36-38].

When elasticity is added to a self-gravitating body its
properties are expected to change. This has been demon-
strated in stationary neutron star configurations —for in-
stance, [39] considered hybrid star models with an elastic
quark innermost phase, in addition to the usual crust,
finding that this causes relative radius deviations at the
percent level— but so far it has not been studied in the
context of critical collapse. Could the introduction of
elasticity destroy the critical behavior observed in per-
fect fluids? If criticality is preserved, does it still remain
of CSS type? How does it modify the critical exponent?
These are the kind of questions we aim to answer.

To pursue this avenue, we must consider elastic gen-
eralizations of perfect fluids in the context of general
relativity. The first complete self-consistent formula-
tion of relativistic elasticity was developed by Carter and
Quintana [40] with the introduction of convective frames,
i.e, frames directed along the 4-velocity. Karlovini and
Samuelsson [41] used exclusively tensors defined on ei-
ther physical or material spaces and their push-forwards
and pull-backs, thereby removing the need for convective
frames. Beig and Schmidt [42] developed a theory of elas-
ticity starting from a Lagrangian covariant under space-
time diffeomorphisms. Brown [43] presented Lagrangian
formulation of relativistic elasticity. More recently, Alho
et al. [44] (see also [45]) explored a new Eulerian ap-
proach for relativistic elastic bodies in spherical symme-
try, which we will adopt.

In this paper we initiate a program to investigate crit-
ical collapse with relativistic elastic matter. We follow
the Koike-Hara-Adachi approach [18]. We will show that
elastic generalizations of the perfect fluid polytropes con-
sidered therein also allow continuous self-similar collaps-
ing solutions. The inclusion of elasticity enlarges the dy-
namical variables to solve for, so in this work we restrict
ourselves to obtaining (families of ) continuous self-similar
solutions and studying their properties as the elasticity
parameters are varied. We emphasize that here we do not
study perturbations of these backgrounds, which allows

from soft gamma repeaters [25].

one to determine whether the solutions obtained are crit-
ical and, if so, to compute their critical exponent. That
is the subject of a forthcoming paper.

II. CONTINUOUS SELF-SIMILAR COLLAPSE
A. Metric ansatz

We consider a spherically symmetric spacetime, for
which the metric can be generically written as

ds? = —a?(t,r) dt* + B*(t,r)dr? +r2dQ%, (1)

with «(t,r) and B(¢,7) yet undetermined metric func-
tions, and dQ2 = df? + sin® 6 d¢? the line element of the
unit 2-sphere. We impose continuous self-similarity by
demanding the existence of a homothetic vector field &,
under whose flow the metric preserves its form up to a
scale transformation,

‘C§gab = 29aba (2)

Choosing £ = t 9y +7 9,., and changing to new coordinates
adapted to self-similarity, (7, x), defined through

r=-In (—’;) z=mn(-1), (3)

with  being an arbitrary scale factor, Eq. (2) is verified
if and only if @ and S are functions of x only, i.e., if
a = a(z) and B = B(z).

It is convenient to exchange the metric functions o and
[ for new ones, A and N, defined as

e
Ber’
With this choice, the metric takes the form

A=p8% N=

(4)

d82:l2€2:c—2‘rd§2, (5)
with the conformal metric d$? given by

ds? = —(N?—1)Adr> — 2 Adrdz + Ada? + d02. (6)

B. Relativistic elasticity formalism

Let us now turn to the matter sector. We assume a
material represented by an elastic matter model with a
spherically symmetric stress-energy tensor

T =[(p+pr) Uap + Py gap) dx*dx" +p, r2dQ3, (7)

where x* = (t,7). The 4-velocity u of the matter particles
is chosen consistently with spherical symmetry, having
only the following two non-vanishing components:

, 1 v

i s ®



with V being the 3-velocity of fluid particles.

Similarly to what happens with perfect fluids, one
can show that continuous self-similarity, as defined by
Eq. (2), imposes

Leu® = —u,

‘CEpr = 72}77’ )

‘CEP =—2p,

9
ﬁspt = —2p;. ©)

The first of these conditions implies that, in the self-
similar coordinates (7,x), the components of the 4-
velocity can be generic functions of x times e”. In fact,
from Egs. (8) one has

vos l_ (wﬁﬁ)’ (10)
W= (N\gjvlt*v) ()

so we conclude that V' can be a function only of x.

For the elastic reference state, we consider a flat rest
configuration associated with the 3-submanifold describ-
ing the elastic matter, with a material metric of the form

yrydXTdX? = dR? + R? (d©? +sin? ©dd?) , (12)

with X! = (R,©,®) denoting the coordinates of the 3-
submanifold. The requirement of a diffeomorphism be-
tween the physical spacetime and the reference state in-
duces the choice R = R(x), © = § and & = ¢.

The equation of state is established in terms of the
eigenvalues, n, and n;, of the deformation operator, de-
fined by the projection of the material’s 3-metric on
the spacetime metric pushed-forward onto the reference
frame [44]. More precisely, the normalized particle num-
ber density § = n, n?, and the normalized average num-

ber of particles n = n}, are given, in the Schwarzschild

with s the shear index and v the Poisson ratio. The
associated pressures can be obtained from Egs. (14-15).

The perfect fluid case with a linear equation of state

is recovered for n = s and v = 1/2, which yields
p(0) = np.(6) = np(d) = %5”3’:, a n-independent

expression that also allows one to identify v = 1 + % as
the adiabatic index. In this case, the choice n = 3 re-

coordinates we have adopted, by

8(t,r) = \/167‘/2 <f)2 &R, n(t,r)= (f)g. (13)

It is more convenient to express the energy density and
pressures in terms of § and n —which is made explicit
henceforth by a hat—, rather than directly as functions
of the spacetime coordinates (¢,7). The variables ¢ and 7
are more useful to us than the material’s energy density
and pressures. An equation of state is then a function
p = p(d,n), and the radial and tangential pressures follow
from [44]

. ap .

,],.: —_— 5 14
Pr=055—" (14)
. 3 0p

— 5 4+ on2l, 15
Dt p+217877 (15)

Recall also that p = kp is the only barotropic equation
of state compatible with self-similarity [24]. However, the
inclusion of elasticity allows for other possibilities, as we
now briefly discuss.

C. Scale-invariant matter model

Recently it was shown that scale-invariant elastic mat-
ter models in spherical symmetry generically verify [46]

~ n ~

p= 3 (Pr +2D¢) » (16)
where n > 0 is the polytropic index. Together with
Egs. (14-15), this determines the form of the material’s
energy density to be

n’k 1 (6
o~ Hh e 1
p n—|—177 <77>7 (17)

with h a free function and k£ a positive constant. By
taking a power-law expression for h, consistent with the
isotropic state and linear elasticity conditions, the follow-
ing form was obtained for the energy density [46]:

) ?n+11—v s\ t+
1‘77)‘3nzs+1 1+y<1‘<n> : (18)

(

turns the radiation fluid, for which the critical solution
was first obtained by Evans and Coleman [14].
By introducing the rescaled functions

Sty =drkr?peita (19)
i =drke?gigltn (20)

the self-similarity constraints on the energy density and
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pressures, Eqgs. (9), are satisfied if and only if § and 7 are
functions only of z. Likewise we introduce

p=A4rnkr?p%p, pi=ATkrip%p; (i=nrt). (21)

Using the tilded set of variables, the wave speeds are
defined as [44]

5 0:p,

2 T 22
Ry (22)
c% _ — Npt _p7'~ , (23)

(5+70) (1-02/iP)
G- — (24)

(5+50) (1-7/52)

where ¢y, is the speed of the longitudinal wave propa-
gating radially, cp is the speed of the transverse wave
propagating radially, and ¢r is the speed of a transverse

J

< ~

LHNV) G455 = SNV G- F) T+

wave that propagates tangentially and oscillates along
the radial direction.

D. Equations of motion

We have seen that the choice of a self-similar space-
time and matter model requires that the five functions
A, N,V,é and 7 depend only on x. In this case, the field
equations become ordinary differential equations. De-
noting derivatives with respect to x with a prime, the
Einstein field equations directly yield

é/—1—A+L(~+V2~) (25)
A_ 1_V2 p br)

A 2NV

AT 1o (P +Dr) (26)
N’ -~ o~

=2 A- (PP (27)

Additionally, conservation of energy and momentum give

N+V

1-v2 (p+p)V' =

3 -2 1 ~ e~
— SNV (nn p+pr>—QANV(3,0+pT)+NVp(p—pT), (28)
7 _ . on+1_\7 14NV _ _
(N+V)el (p+Dr) == (N+V) (L (p+Pr) - ) Tt S (G V=
5 n n 1-V
- e~ 1 - 1 o~
=N@=p)pr+ 5N [m+6)p+np] -5 AN (p+3pr), (29)
[
while the elastic relations connecting the matter variables ~ and (31) can be used to obtain algebraic relations,
§ and 7 (see [44]) yield 2 (14 NVVG 4 VIN 415
i < 3VvA \ 4 n+3 2NV (F+5) L=V
Yl r ~
T _ 2_ - . (30) 3VAL+NV)S§ n+3
1—V2> n+1 n+1)(1-V?2 — = . 33
7\ ) e e - e =t (3)
7 3VANV Y Jd 2aNV(p+p,
77: =— (\}%) = — % (31) One might use these constraints to eliminate two vari-
" 1-V no (n+1) (1-V2) ables, but we will not do so. As in [15], we will solve the

Among the preceding seven relations, only five are in-
dependent. Both pairs of Egs. (25) and (26) and Egs. (30)

full set of ODEs for our five variables and use Egs. (32)
and (33) to check the numerical precision of our results.

Substituting Eq. (31) in Egs. (28) and (29) reduces
both to a set of two coupled ordinary differential equa-
tions for § and V,



<1+NV><5+@)§+N_+VV2@+ IV =
izvv( 25+pr)—A];V(3ﬁ+ﬁr)+NVﬁ(ﬁ—ﬁr) 20NV G-, (34)
¥ vic G L Y Gy
R A LS R N CACET S S PR

where
ANV 4§  2uNV (5+5,
VI—VZ ) (n+1) (1-V2)
Note that the relations (21), (18-20) and (14), allow

one to express p and p, in terms of ¢, 7 and A. Thus,
Egs. (26), (27), (31), (34) and (35) constitute a system
of five first-order ordinary differential equations for five
functions: A(z), N(z), n(z), V(z), é(x). The problem
involves three free parameters: n, s, v. Note that k only
determines an overall scale and was effectively absorbed
by the transformations (19) and (20).

III. SELF-SIMILAR SOLUTIONS FOR
COLLAPSE WITH ELASTIC MATTER

Solutions of the dynamical system determined by
Egs. (26), (27), (31), (34) and (35) yield self-similar
spacetimes supported by the scale-invariant elastic mat-
ter model considered.

A. The sonic point

Contrary to Eqgs (26), (27) and (31), the system of
equations (34) and (35) is still coupled. The latter can
be written in the form

[i ]do} [5] N H ’ (37)

with
P+ Dr N+V
=(HNV)EEE L b= T (R, (39)
9 P+ Dr 1+NV

c=(N+V)& = (p+Dpr), (39)

V2

=NV (25 @)—A V35+5)  (40)

2
FNVEGE-F) = 50+ NV) G~ A,
(=N (G p)p+ o [(046) 5+ 7] (41)

AN

2

- Ga - v (4G - ) o

(

Whenever ad —bc # 0 the system of Egs. (34) and (35)
can be explicitly decoupled,
g/ _ de —Dbf
ad—bc’

af —ce
vi= = 42
ad—bc (42)
Equations (42), together with (26), (27) and (31), form
a system of ordinary differential equations that can be
straightforwardly integrated numerically, except at sin-
gular points of Eq. (37), where

det [a E’J =0. (43)
These events are called sonic points. They occur in self-
similar collapse of perfect fluids, and adding elasticity
to the model preserves them. There exists a residual
gauge freedom that allows one to shift the self-similar
coordinate, and we use this to place the singular point at
z=0.

Sonic points correspond to points where an observer
with fixed self-similar coordinate z sees the particles of
the collapsing star moving with velocity equal to the ma-
terial’s wave speed [47]. The former is obtained from the
projection of the particles’ 4-velocity, Eqgs. (10-11), onto
the 4-velocity of the observer,

1
V1I—02’
where v is the 3-velocity of the particles as seen by an

observer at fixed x, and ups is the 4-velocity of the fixed
observer,

- (“obS)a (Upar)a = (44)

T — (45)
It follows that

AT

It should be noted that u7,, is not well defined for N? <
1, owing to the exchange of character among the 7 and x
coordinates in such regions of spacetime, as can be seen




from the self-similar metric of Eq. (5). Nevertheless, the
velocity v can be analytically continued across N = 1,
becoming in that case larger than the speed of light.

While the system of ODEs breaks down at the sonic
point, we demand smoothness of the solution at all
points. Thus, the solution is obtained, at the sonic point,
using a local series expansion. The aforementioned re-
quirements on the solution also entail that four relations
be met at the sonic point. Two correspond to the alge-
braic relations verified at all points, respectively Egs. (32)
and (33). Two others are established by

ad—bc=0, (47)
af —ec=0, (48)

imposing analyticity of the system at the sonic point [15,
24, 47). This set of conditions reduces the five dimen-
sional space of solutions, at the sonic point, to a one-
parameter family. The free parameter is taken to be Vj,
the particle 3-velocity, in Schwarzschild coordinates, at
the sonic point.

B. 2 — —oco asymptotic behavior

The center of the collapsing body, to the past of the
accumulation point t = r = 0, corresponds to x — —oo,
as can be seen from (3). Aiming for CSS solutions that
are regular everywhere except at the accumulation point,
one must impose regularity also as x — —oo. When
this limit is taken, the function N diverges. As such, we
follow [48] and introduce a new dependent variable, M,
defined as

M=NV. (49)

Making this replacement on the set of ODEs (26), (27),
(31), (34) and (35), one finds the fixed point

TV
3(1+n) (50)
=0, 0 =0, V*=0,
where, additionally,
lim i =1. (51)
Tr——00 ’]7

Application of perturbative analysis around this fixed
point yields the asymptotic behavior

Alz) ~ 14+ A_ e, N(z) ~N_e 7,

W) ~ g €777, 5() ~ 0_oo enTT?, (52)

V(z) ~V_xe®,

where the constants A_ o, N_o0, 7—o0, goo and V_,, are

constrained by

212 ~1+1
Ao 3(n+1) 0o (53)
2n
N_oo Voo = ; 4
v 3(n+1) (54)
Moo = 0—oo - (55)

From these relations, one sees that only two remain free,
which we choose to be d_,, and V_..

We remark that this fixed point exactly matches the
one found in the perfect fluid case. This is to be expected,
as elastic matter models are isotropic in the center and,
thus, locally similar to perfect fluids.

C. Numerical approach to solve the boundary
value problem

Under the assumption that there is a unique sonic
point, no other singular points of the system of ODEs
exist, and so the requirements on the parameters at the
sonic point and at the center casts the system as a bound-
ary value problem in the domain D = {z € R: —00 <
x < 0}. Demanding the solution to be continuous and
differentiable everywhere in D reduces the number of so-
lutions to a discrete set. One may discriminate solutions
by their corresponding value of Vy, for example. In the
following, we further restrict the solutions by requiring
that they have only one sonic point. Solutions with mul-
tiple sonic points are most likely singular, since each sonic
point introduces further regularity constraints, thus re-
ducing even more the number of free parameters [18].

We employ a shooting method to obtain regular solu-
tions of the boundary value problem. Recall that we have
three free parameters (Vp, 0_c0, V_co ), One of them at the
rightmost boundary, the other two at the leftmost end.
Demanding continuity of all functions at an (arbitrary)
intermediate point imposes three conditions, taking into
account the algebraic constraints (32-33). The ODE sys-
tem being of first-order guarantees differentiability of the
solutions.

Having obtained a solution in the domain D, identified
by its value of Vj, it can be extended to the x > 0 interval
by using a fourth order Runge-Kutta method with initial
value determined by Vj.

For the results presented in the next section, we
checked that violations of the constraints (32) and (33)
remain bounded and small over the entire integration do-
main, which we typically chose to be z € [—10, 10].

D. Results and discussion

Applying the numerical method described above to the
radiation fluid elastic counterpart, i.e., n = s = 3, we ob-
tain the results shown in Fig. 1(a) for v = 0.450 and
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FIG. 1. Spherically symmetric self-similar spacetime with a single sonic point located at x = 0, for n = s = 3 and two different
values of the Poisson ratio: v = 0.450 in panel (a), and v = 0.415 in panel (b). The curves represented are A in solid, log N in

dot-dash-dot, p in dashed, p, in dotted and V in dash-dot-dash.
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(a) Profile of the normalized density, p.
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(b) Profile of the normalized radial pressure, py.

FIG. 2. Profile of the normalized density, in panel (a), and of the normalized radial pressure, in panel (b), for different values
of the Poisson ratio v, with n = s = 3 fixed. The curves displayed correspond to v = 0.500 (perfect fluid) in solid, v = 0.480 in
long-dashed, v = 0.460 in medium-dashed, v = 0.440 in short-dashed and v = 0.420 in dotted.

in Fig. 1(b) for v = 0.415. This solution is analogous
to the Evans-Coleman spacetime previously found in the
perfect fluid case, and herein generalized to elastic mate-
rials. The extension to other values of the Poisson ratio
v is shown in Figs. 2(a) and 2(b) for the profiles of the
normalized density and radial pressure, respectively. The
profiles of the other functions characterizing the solution
are shown in Appendix A.

While the solution remains qualitatively similar for
all values of v explored, a sufficiently low Poisson ratio
(¥ <0.47) allows the radial pressure to become negative.
This is not possible for perfect fluid models as the pres-
sure is related to the density by a positive multiplica-
tive constant factor. Generally, decreasing v generates
greater compression near the sonic point.

The Evans-Coleman solution, and its elastic general-
izations, are characterized by the velocity field, V, fea-

turing a single zero. This is the fundamental mode. As
in the case of the perfect fluid, overtones with multiple
zeroes are possible. Fig. 3, shows one such mode with 3
zeroes. Similarly to the fundamental solution, decreasing
the Poisson ratio v leads to higher gradients in the metric
and matter functions.

Stellar particles, as seen by an observer at fixed = coor-
dinate, attain superluminal velocities for x > xx, where
xn > 01is the smallest value such that N(xy) = 1. Recall
that for N < 1 the (7, z) coordinates switch character, so
at this point the fixed ‘observer’ becomes spacelike, see
Fig. 4. This is a feature common to all the CSS collapses
we study, including the perfect fluid limit, but as the
Poisson ratio is reduced we observe that v asymptotes
smaller (but still superluminal) velocities as z — oc.
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FIG. 3. Solution with 3 zeroes for the collapsing spherically
symmetric self-similar spacetime with a single sonic point at
=0, withn =s =3 and v = 0.50 in full (perfect fluid limit)
and v = 0.45 in dashed. The profiles shown are for A, log N,
p, pr and 10 X V.

Another novelty that elasticity introduces is the ex-
istence of three independent wave velocities, instead of
just one, see Fig. 5. The isotropic wave velocity —the
only one that is supported by perfect fluids— is identi-
fied with the longitudinal radial wave speed, ¢y, but two
additional elastic wave speeds are present: the transverse
radial wave speed, cr, and the transverse tangential wave
speed, ¢r, see Egs. (23-24). A sonic point occurs when
stellar particles propagate at the sound speed cy, as can
be seen from Eqs. (38-39) and (46). But unlike the per-
fect fluid case, this speed is not constant. Indeed, it grows
monotonically, albeit at a lower rate than the velocity v
in the N > 1 region. This raises the possibility of the
occurrence of a second sonic point at some x > xy. In-
deed, in our numerical explorations we found this to be
the case whenever we lowered v below 0.415, while fixing
n =s = 3. As discussed in section I1I C, these solutions
are expected to be singular, and numerically we were un-
able to obtain regular behavior across the second sonic
point, whenever it is present.

So far we have kept n = s fixed, whilst allowing v to
vary. However, one can also consider elastic extensions
of perfect fluids by detuning the shear index s. In Ap-
pendix A we present results obtained when varying s,
while keeping v = 1/2 and n = 3 fixed. The profiles of
the various functions are qualitatively unchanged in this
case, with the main effect being an overall rescaling.

FIG. 4. Self-similar spacetime regions. Straight lines repre-
sent hypersurfaces of constant x coordinate. For z < 0, from
the regular center to the sonic point, a radial-moving observer
at fixed x is timelike and the stellar material falls at a speed
lower than that of sound. For x > 0, beyond the sonic point,
there are two regions separated by the N = 1 condition. The
fixed observer is timelike up to it, becoming spacelike to its
future.

IV. CONCLUSION

We have shown that relativistic elasticity admits con-
tinuous self-similar evolutions. In this context, perfect
fluids can be regarded as a limiting case, attainable by
fine-tuning the parameters of the elastic model. We
numerically obtained self-similar solutions for a three-
parameter family of a scale-invariant elastic model and
analyzed their properties, focusing on departures from
the perfect fluid behavior. Notably, elasticity allows
for negative pressure and higher densities near the sonic
point, as well as inducing a non-constant sound speed and
the presence of two additional transverse wave speeds.

We have seen that tuning the elasticity parameters suf-
ficiently far from the perfect fluid values leads to the
appearance of a second sonic point, and the consequent
breakdown of regularity of the solution. Hence, the re-
quirement of analyticity imposes bounds on the elasticity
parameters of the material. For example, fixing the poly-
tropic index to n = 3 and the shear index to s = 3, regular
solutions were found only for values of the Poisson ratio
satisfying 0.415 <v < 1/2.

The expectation is that the self-similar solutions we
have constructed herein —in particular, the fundamental
modes— correspond to critical solutions in the context of
gravitational collapse with elastic materials. Naturally,
the next step is the study of linear perturbations around
these solutions, to confirm if they are indeed the criti-
cal solutions and, if so, to extract the critical exponents.
This study is under way and will be presented elsewhere.
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FIG. 5. Spherically symmetric self-similar spacetime with a single sonic point at z = 0, at n = s = 3 and two different values of
the Poisson ratio: v = 0.450 in panel (a), v = 0.415 in panel (b). The curves shown are ¢z, in solid, ¢r in dashed, ¢r in dotted
and the velocity observed by the fixed observer, v, in dash-dot-dash.

Finally, let us remark that the scale-invariant elastic
model we adopted, Eq. (18), is just one —in a sense, the
simplest— such model. Other choices of the free func-
tion A also lead to acceptable self-similar elastic evolu-
tions. We leave for future investigation to assess how our
present findings change among the viable models.
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Appendix A: More details about the numerical results

The profiles of the normalized density, p, and the normalized radial pressure, p,., as a function of the Poisson ratio
v were shown and discussed in section IIID. Here we display the corresponding results for the remaining intervening
functions A, N and V, keeping n = s = 3 fixed, in Fig. 6. Once again, the main features in each of these functions
are exacerbated as v is decreased.
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FIG. 6. Profiles of functions A, log N and V for different values of the Poisson ratio v, with n = s = 3 fixed. The curves
are v = 0.500 (perfect fluid) in solid, v = 0.480 in long-dashed, v = 0.460 in medium-dashed, v = 0.440 in short-dashed and
v = 0.420 in dotted.

Besides varying v, as we mainly discussed in section III1 D, elastic departures from perfect fluids can also be obtained
by changing the shear index, s. By keeping v fixed and varying s or n we find the results shown in Fig. 7(a) and
Fig. 7, respectively. Visual inspection reveals a strong resemblance between the two cases, and shows that changes
of either s or n mainly produce an overall rescaling of the solution, leaving the profiles qualitatively unchanged. It is
also found that, should s become sufficiently larger than n, a new sonic point may appear in the x > xx region. As
discussed in the main text, this would signal the loss of regularity of the solutions.
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FIG. 7. Profile of the A, log N, p, pr and V functions for v = 1/2, varying the polytropic index n and the shear index s. In
panel (a) we fix n = 3, showing results for s = 3 in full (perfect fluid limit), for s = 1 in dashed, and for s = 9 in dotted. In
panel (b) we fix s = 3, showing results for n = 3 in full (perfect fluid limit), for n = 2.5 in dashed, and for n = 9 in dotted.



